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We study the incentivized exploration for the multi-armed bandit (MAB) problem with non-
stationary reward distributions, where the players receive compensation for exploring arms other
than the greedy choice and may provide a biased feedback on reward. We analyze the impact
of the drifted reward feedback on two instances of non-stationary MAB environments: Piecewise-
Stationary and Continuously-Changing. We show that our algorithms for both the environments
achieve sub-linear regret and compensation under drifted reward, and are therefore effective in
incentivizing exploration. Experimental results with synthetic data are provided to complement

the theoretical analysis.
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Chapter 1

Introduction

1.1 Problem Introduction

The multi-armed bandit (MAB) problem (Figure 1.1) is a well-studied model for sequential

decision making under uncertainty, with diverse applications in, e.g., clinical trials [16, 4, 31], finan-
cial portfolio design [7], recommendation systems [0, 20], search engine systems [35] and cognitive
radio networks [141]. In the traditional MAB model, a decision-maker selects an arm to pull at each

time step and receives a certain reward, and their objective is to maximize the long term accumu-
lated reward. In this setup, the decision-maker (principal) and the player (agent) who pulls the
arm are assumed to be the same entity who tries to achieve a good balance between exploitation
and exploration. This, however, may not always be the case in the real world. There are many
scenarios where the principal and the player are different entities with different interests, and the
agent may select the best performing arm in face of uncertain reward (i.e., exploitation only). Tak-
ing the example of the Amazon product recommendation system: Amazon (principal) wants the
customers (agents) to try out different products (arms) to identify the best product (exploration),
while the customers are heavily influenced by the current ratings and reviews of the products and
behave myopically, i.e., select the currently highest rated product (exploitation).

Such a greedy selection or myopic behaviour of the agent can lead to significantly degraded
performance due to inadequate exploration, as shown in [3, 39].

Incentivized exploration (Figure 1.4) has been proposed to handle the greedy/myopic be-

haviour of the agent: The principal provides compensation to the agent so that the agent will
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Figure 1.1: Multi-armed Bandit Problem

select the arms for effective exploration; see, e.g., [13, 31, 41, 20]. The goal of the principal is to
maximize the cumulative reward while minimizing the compensation to the agents.

Early work on incentivized MAB models [20, 41, 19, 18, 28] assumed that the agents provide
unbiased feedback or reward, independent of compensation received. This assumption does not
always hold in the real world as shown by experimental studies in [33, 11]. These experiments
show that the agents are inclined to give higher evaluations or rewards with incentives (such as
discounts, coupons or gift cards in the case of Amazon). The compensation might even be the
primary driver of customer satisfaction [33, 17]. This drift in reward feedback may have a negative
impact on the exploration-exploitation tradeoff, as a suboptimal arm can be mistakenly identified
as the optimal one because of the drifted rewards. In [29], the authors investigated the impact of
the drifted feedback in the incentivized MAB problem and showed that their model for incentivized
exploration based on upper confidence bound (UCB), e-greedy or Thompson Sampling achieves
optimal O(log T') regret and compensation.

A stationary bandit setting (Figure 1.2) is assumed in [29], where the reward distribution of
the various arms does not change with time. In this thesis, we consider the challenging setting of
non-stationary bandits (Figure 1.3) where the reward distributions change over time.

Considering the Amazon example: In the stationary setting, a product (arm) will have the
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Figure 1.2: Stationary Bandit Problem Figure 1.3: Non-stationary Bandit Problem

same value to Amazon (principal) throughout the whole time horizon, say, over a year; while in
the non-stationary setting we can model a situation where some product becomes more (or less)
popular because of the time of the year, (e.g., summer or a holiday season) and promises to generate
higher revenue for Amazon. To take a concrete example, winter boots will be more popular in the
winter and Christmas decoration items will be during the holiday season of Christmas.
Specifically, in this thesis, we study the impact of drifted reward feedback on the non-
stationary incentivized MAB problem. We consider a general incentivized exploration algorithm,
inspired by [29], where the agent receives compensation from the principal that is equal to the differ-
ence in estimated mean rewards between the principal’s choice and the greedy choice and provides
biased feedback which is equal to the sum of the true reward of an arm and a drift term that is a
non-decreasing function of the compensation received for pulling the arm, but with changing reward
distributions. We consider two non-stationarity models and study the robustness of the proposed
algorithms in terms of regret and compensation. The first model assumes a piecewise-stationary en-
vironment (Section 3.2) where the rewards of various arms change abruptly at certain breakpoints.
We show that by employing discounted UCB (D-UCB) [22] and sliding window UCB (SW-UCB)
[15] as the principal’s arm selection procedure, we can achieve O(\/T) regret and compensation
for D-UCB and O(V/T) regret and O(T"/4) compensation for SW-UCB. The second model consid-
ers a continuously-changing environment (Section 3.3) where the rewards can change continuously
within a variation budget. We show that by employing the restarting mechanism proposed by [7]

on policies UCB1, e-greedy and Thompson Sampling as the principal’s arm selection policy, we can
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Figure 1.4: Incentivized Multi-armed Bandit Problem

achieve the optimal regret for all the policies and the O(T?/?) compensation for UCB1 and O(T"/?)
compensation for e-Greedy and Thompson Sampling. As all the regret and compensation bounds
are sub-linear, we conclude that the proposed algorithms are effective in incentivizing exploration

in non-stationary bandit environments.

1.2 Thesis Outline

This chapter is intended to give an overview of the problem to solve. The thesis is structured

in the following way, starting from the next chapter:

e Chapter 2: Background and Related Work - This chapter contains the conceptual back-
ground about multi-armed bandits and some recent work related to non-stationary bandits

and incentivized exploration.

e Chapter 3: Problem Formulation - This chapter formalizes the above-mentioned problem

into mathematical and algorithmic frameworks.

e Chapter 4 & 5 : Piecewise-Stationary / Continuously-Changing Environments - Both these
chapters talk about the non-stationary bandit environments on which the algorithms and
results are based. They contain the details of the algorithms, results, their proofs and the

simulation results.



e Chapter 6 : Conclusion and Future Work - This chapter concludes and summarizes the

results and mentions some future directions of research.



Chapter -

Background and Related Work

2.1 Multi-armed Stochastic Bandits

The Multi-armed bandit (MAB) problem is a classic setting with an agent who faces a choice
between competing arms (i.e actions) with unknown rewards. In a single play, the agent picks an
arm and receives a reward from the environment. The agent has to figure out the rewards of the
arms with multiple plays and maximize the accumulated rewards.

At any given time, the agent can pick an arm that they believe to be the best one, based
on the estimates so far (i.e exploitation) or try picking some alternative arm for potential future
benefit (i.e exploration). This constant tussle that the agent has to face at every timestep is known
as the exploration-exploitation dilemma or trade-off.

Any general MAB algorithm would follow the following protocol.

Algorithm 1: Multi-armed bandit protocol with K arms.

Input Parameters: K € I arms, T rounds
for each round ¢ € [1,7] do

Algorithm picks arm I; € K

Algorithm observes reward X7, € [0, 1]

U W N =

end

The stationary setting is the variant of the MAB problem with K arms. The reward of each
arm i € K, where K = {k} | follows an unknown distribution D(i) with support [0,1] and mean
i = E[X;], which does not change with time.

At each time step t € [1,T], where T is the time horizon, a player will pull one arm I; € K



and receive a reward X;(I;y) ~ D(I;), which is fed back to the MAB algorithm. In this case,
N (i) = Zizl 1¢7,—i denote the number of times the arm i was played till time ¢ and fi;(i) =
(1/Ny(d) SF_, Xi(i)117,—s be the corresponding empirical average reward.

To quantify the measure of goodness of the algorithm, we define a notion of a regret. It is
defined as the expected difference between the maximum possible total rewards and the rewards
accumulated by the algorithm. The maximum total reward is the total reward we could have
accumulated had we known the optimal arm from the beginning and played it at each round. We
denote the expected reward for that optimal arm to be pu*. We define the expected regret as shown

below in equation 2.1.

E[Rr]=p"-T-E

T T
ZXIt] =u T =Y () (2.1)

t=1 t=1

An algorithm is considered to ’solve’ the above-defined MAB problem if it achieves a sub-
linear regret over the time horizon T' (i.e. the average regret per timestep approaches zero in the
long run). We are going to look at four algorithms in this chapter that can be used to solve the
stochastic multi-armed bandit problem. The lower bound on the regret of the MAB problem is
the best any algorithm can perform. The instance-dependant (a common assumption where the
difference between the expected rewards of the arms are large) lower bound is €2 (log T')([358]) and

general case lower bound is (ﬁ > ([3])-

2.1.1 Explore-Then-Exploit

Due to the nature of the problem, a way to reason about this problem is to employ an
exploration phase for a constant number of rounds and get estimates for the arms’ rewards. Once
this phase is over, we can simply use the arm which produced the highest reward. The latter phase
can be called the exploitation phase.

Algorithm 2 has been taken from [38]. We choose N with the knowledge of T to minimize

the overall regret. From [38], we know that a sub-linear regret of O (T2/ 3) is achieved.



Algorithm 2: Explore-then-Exploit Algorithm with K arms.

1 Explore all the K arms N times.
2 Pick the arm (a) with highest average reward. (break ties arbitrarily)
3 Pick a for the rest of the time horizon.

2.1.2 e-Greedy Algorithm

One can improve over the last algorithm, is by spreading the exploration phase more uniformly
over the entire time horizon. At each time step, we can explore with a small probability, else we
just keep exploiting. It is called the e-greedy algorithm.

Another way to look at this algorithm is to think of this as an improvement on the greedy
algorithm. A simple greedy algorithm does not work, as shown by [39]. Using the simple greedy,
we might get stuck with a sub-optimal arm and keep on picking it, without getting to know about
a better arm.

One way to overcome this problem is to have a small amount of exploration while taking
the greedy choice most of the time. e-greedy does this precisely and achieves a sub-linear regret
of O (T2/3) ([38]). With a better choice of €, (i.e decaying with time) [2] showed that a regret of

O (log T') can be achieved.

Algorithm 3: e-Greedy Algorithm

1 Input Parameters: K € K arms, T rounds, some decreasing function f(;)
2 for each round ¢ € [1,7] do

3 Let e = f(t)

4 With probability 1 — e¢, the algorithm picks I, = arg max;ex fi;(t)
5 With probability e, it picks I; € K uniformly at random.

6 end

2.1.3 Upper Confidence Bounds

The problem with e-Greedy is that it has an inefficient exploration process. It keeps on
exploring uniformly, even after the optimal arm is found. Another method to overcome this to

use upper confidence bounds while selecting arms at each step. The philosophy used here is of



optimism under uncertainty where the arm that promises the highest reward in future is picked.
The upper confidence bound of the reward estimate captures the mentioned promise.

More precisely, at each time, the algorithm picks the arm with the maximum value of fi;(7) 4+
¢(i), where ¢(i) is the upper confidence bound of the arm i € K at time ¢t. Since the rewards

are assumed to be generated from a distribution, and the samples are i.i.d, we can employ the

Hoeffding’s inequality to find that ¢;(i) = 4/ %ﬁ;.

Algorithm 4: UCB-1 Algorithm

1 Input Parameters: K € K arms, T

2 for each round t € [1,7] do

3 if ¢t < K then

4 ‘ The algorithm picks I; = K

5 else

6 ‘ The algorithm picks [; = arg max;ex fit(i) + %\;f(gz)t
7 end

8 end

The regret bound for UCB-1 (Algorithm 4), with bernoulli rewards distributions D(i); Vi € K
with support [0, 1], and with well separated expected rewards (i.e large expected reward differences

between arms) of the arms, is in the order of O(logT') ([2]).

2.1.4 Thompson Sampling

Algorithm 5: Thompson Sampling Algorithm

for each round ¢ € [1,7] do
The algorithm independantly samples 6;(i) from distribution Dy(7).
It selects the arm I, = argmax; 0;(i)

[E I SR

end

Thompson Sampling (Algorithm 5, [10], [36]) is a Bayesian approach to the stochastic bandit
problem. The algorithm starts with a prior distribution on each arm’s expected reward and updates
the distribution after the said arm is pulled and a reward is observed. At each timestep, the
algorithm samples the expected reward (i.e. 6;(i)) for each arm according to their (posterior)

distribution (i.e. D;(7)) then selects the arm with the highest sample reward. The choices of the
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prior (a popular one being the Beta distribution) or the posterior (a popular being the Gaussian

distribution) distributions are problem-specific. Thompson Sampling achieves O(log T') regret ([1]).

2.2 Non-stationary Bandits

The Non-Stationary setting is the variant of the MAB problem with K arms. The reward of
each arm i € K, where K = {k}X | follows an unknown distribution D¢ (i) with support [0,1] and

mean (1) = E[X;(t)], which may change with time.

At each time step t € [1,T], where T is the time horizon, a player will pull one arm I; € K
and receive a reward X;(I;) ~ D¢(I;), which is fed back to the algorithm scheme. In this case,
Ni(i) = SE_, 1¢7,—i denote the number of times the arm 7 was played till time ¢ and fi;(i) =

(1/Ny(@) S, Xi(i)1{7,—; be the corresponding empirical average reward.

2.2.1 Environments

We will discuss two general ways to model Non-Stationarity in bandit settings: the Piecewise-
Stationary and the Continuously-Changing environment.

The Piecewise-Stationary environment (Figure 2.1) models the scenario when changes occur
in the reward distributions of the arms at abrupt time instants called breakpoints. The distributions
remain stationary between breakpoints.

The Continuously-Changing environment (Figure 2.2) models the scenario when the reward
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distribution of the arms can change an arbitrary number of times. However, to maintain tractability,
this environment has a variation budget, which limits the amount of total change throughout the
time horizon.

The formulation of these environments is discussed in chapter 3. The two general approaches

to solve a Non-stationary MAB problem are active and passive, discussed in the next subsection.

2.2.2 Active Adaption

The idea here is to take the changes head-on. Generally in this framework (Figure 2.3),
suggested by [27] we have a change detection algorithm, which checks if there is any change in the
environment and notifies the bandit algorithm (in [27]’s case, UCB-1) to restart. The mentioned
method (named as CUSUM-UCB) works for the piecewise-stationary environment.

Algorithm 6 embodies the active adaptation framework (Figure 2.3), where they have UCB-1
(Algorithm 4) updates for the bandit algorithm, and they use a change detection algorithm as a
submodule to check for changes in the non-stationary environment.

The authors provide a change detection algorithm (Algorithm 7) that works in the bandit
setting. They use the first M samples to calculate the average, iy = (ZkM: 1 Yk)/M. Then they
construct two random walks which have negative mean drifts before the change point and have
positive mean drifts after the change. Algorithm 7 is a two-sided cumulative sum algorithm that

monitors the possible positive and negative mean shifts. Let .ﬁ be the step of the upper random
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walk and s;~ be the step of the lower random walk. They provide the following definitions for the

steps as
(sis5) = (yk — tio — €, 0 — Yk — €) L ary (2.2)
And, similarly, they define g,j as the positive drift of the upper random walk, and g, as the

positive drift of the lower random walk as

gp = max(0,g,_; +s7), gy =max(0,9,_; + ;) (2.3)

Algorithm 6: CD-UCB Algorithm

1 Input Parameters: T, o and and algorithm CD()
2 Initialize 7; = 1, Vi
3 forte[1,7] do
4 Update the quantities required for UCB-1 (Algorithm 4)
5 Play arm I; and observe X;(I)
6 | if CD(Iy, X,(I;)) = 1 then
7 T, =t + 1
8 reset CD(1y,.)
9 end
10 end

They proved that the regret bound for CUSUM-UCB is of the order O ( TBrlog (BTT)>

2.2.3 Passive Adaption

Unlike the active adaption, these algorithms don’t track the changes in the environment but
make the algorithms robust enough to have sub-linear regrets despite the changes in the background.
We will look at three algorithms that embrace this approach.

The first two algorithms (8, 9) discussed are employed in a piecewise-stationary environment,
and the last algorithm (11) works for continuously-changing environments.

Discounted-UCB (Algorithm 8 by [22]) finds the ’optimal’ arm, while balancing exploration
and exploitation. This algorithm puts more weight, according to the parameter v € (0,1] to
the recent rewards in comparison to the older ones to balance ’forgetting’ and 'remembering’, as
a breakpoint in the recent past makes the rewards before that misleading for estimation. The

discount factor is chosen to minimize the overall expected reward.
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Algorithm 7: Two-sided CUSUM

1 Input Parameters: ¢, M, h and {yx}r>1
2 Initialize g(')F =0and g, =0
3 for each k do

4 Calculate s, and s: according to equation 2.2

5 Update gar =0 and g, = 0 according to equation 2.3
6 ifgarzhand go = h then

7 ‘ Return 1

8 end

9 end

Algorithm 8: Discounted-UCB (D-UCB)

1 Input Parameters: [,
2 for t < K return I; =t
3 for t > K return I; = argmax;eic fir(7y,1) + ci(v,17)

Algorithm 9: Sliding-Window-UCB (SW-UCB)

1 Input Parameters: [, 7
2 fort < K return I; =t
3 for ¢t > K return I; = argmax;ei fir(7,7) + c(7,1)
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For the Discounted-UCB algorithm, the following quantities are modified by UCB-1 (Algo-

rithm 4):
1 t
b (7, 1) = , T X (i
tut(’7 ) Nt('}/,l) ;7 {Ir=i} ( )
t
Ni(v,4) = Z’YFTH{IT:Z}
T=1
K
: §logny(v) :
ct(f)/az) Nt(’}/,l) ) nt(ﬁ)/) ZZ_; t(77 Z)
For appropriate value of {. The regret bound for this algorithm is due to [15], and has a regret of

O(VTBrlogT).

We have a slightly better algorithm, which is Sliding-Window-UCB (Algorithm 9) by [15]. In
this algorithm, we don’t have a discount factor, but a sliding window of the history. The algorithm
'remembers’ the records in the last 7 (the window size) timesteps for any timestep ¢, and ’forgets’
the ones before that. The size of the window is generally chosen to minimize the overall expected

regret. The modified quantities for the Sliding-Window UCB (Algorithm 9) are shown below:

t

>y Xa(i)

s=t—7+1

fir(7,4) = Ni(r,i)
t

Ni(r,i) = Z Lir,—iy

s=t—71+1

t
-/\/—t(Tvi) = Nt(ta l) = Z ﬂ{ls:i}
s=1

(7 i) = \/flog(min(t, 7))

Ny(T,14)
For appropriate value of £. This algorithm has a slightly better regret bound of O (v/TBrlogT).
The next algorithm is Rexp3 by [5] which works for the continuously-changing environment.
In this scheme, the algorithm works in batches, and it restarts a bandit algorithm (which is used
as a submodule) once a batch is over. The batch size is chosen to minimize the overall expected
reward. A variant of this algorithm (11) is discussed in chapter 3 in proper detail.
For this work, we have only considered the passive approach for countering non-stationarity.

We will define the problem precisely in chapter 3.



15

2.2.4 Lower Bounds

For the continuously-changing environment, [5] proved that the lower bound is (TQ/ 3). For
the piecewise-stationary environment, the lower bound is shown to be 2 (\/T) by [15]. In this
section, we will see an alternate (and simpler in some sense) proof which also shows the same.

Let us define the worst-case regret of a policy 7 on a set of stochastic non-stationary bandit

environments £ and time horizon T', to be

Rr(m,E) =supRp(m,e) (2.4)
ec&

Let II be the set of all policies. Then the minimaz regret is defined as

Ry (€)= inf R &) = inf R 2.5
(&) = inf Re(m, €) inf sup r(m, e) (2.5)
The main idea behind this proof has been inspired by [25], which says that we need to reduce the

bandit problem to hypothesis testing. We must select two bandit problem instances in such a way
that the instances are as close to each other as possible, and must be competing against each other
such that we can choose an action or a sequence of actions that is good for one bandit and is not

for the other. The lower bound will follow by optimizing this trade-off.

Assumption 2.2.1. We assume that any bandit arm i in the bandit instances of &, will
have KL(Dy,, Dy,) = c(p1 — p2)? for some constant ¢ and where D, is any distribution with

support [0, 1] and with mean z.

In this proof, we are going to use the Bretagnolle-Huber inequality, whose formal statement

is given in the following lemma.

Lemma 2.2.2. Let P and Q be the probability measures on the same measurable space

(Q,F), and let A € F be an arbitrary event. Then,

P(A) + Q(A°) =  exp (—KL(P, Q)) (2.6)

N =




16

reward reward

v(a) = 2A

T T T T
7, /s

(Breakpoint)

Figure 2.4: Bandit instance £.

Theorem 2.2.3 (Main Regret Lower Bound). Let K > 1 and T > K — 1 and assumption
2.2.4 be true. Then, for a policy class I1 and a non-stationary environment £, the minimax

regret 1s

1
2.7
- 32 c o)

Proof. Let us fix a policy m € II. Let A € [0,1/2] be some constant to be chosen later. In &,
we will have only one breakpoint at ¢ = T'/2 (Figure 2.4). Let us start with a bandit instance
e, = (DI(i))E, with reward vector € [0, 115*7 such that (i) = E[DV(i)], is defined as

A ifi=1,

Vs (i) =

0 otherwise

When the policy 7 will interact with the bandit instance e, for a horizon T', it will give rise
to the composite probability distribution IP”CTM, and the expectation under this distribution will be
denoted by EF . For the second bandit instance e, = (Dy (z))fil, we will have a reward vector
v € [0, 1]5*T such that vy(i) = E[DY(4)], is defined as

2A ifi=aandt>T/2,

v (i) =

e (7) otherwise

where @ = argmin; 1 EZ [Nr(j)].
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Since we want to make the bandit instances as close to each other as possible and at the
same time want 7 to perform badly on v, we chose the arm a € K, which is explored/played the
least number of times.

We know that Zfil EZ, [Nr(i)] = (K —1)E,[Nr(a)], it holds that Ef [Nr(a)] <T/(K —1).
Similar to the first bandit instance, we have Py as the composite probability distribution and E7

as the corresponding expectation under it.

T
P7, [Xir| L] = [ [ DY (1)(X0) (2.8)

t=1
where X = (X3, Xo,..,Xp) is the vector of realized rewards under policy m when [ =

(I1,Is,..,I7) arms where played.
The worst case regrets for each of the bandit instances with respect to the policy 7w are as

shown below:

Rer(m,en) > Py [Npjp(1) <T/4] - % (2.9)
TA
Ro(m,e,) > PL [Npjp(1) > T/4] - - (2.10)

Let Dy = D}'(a) and Doa = DY(a) for t > T/2. Now, we can use the Bretagnolle-Huber

inequality to find the lower bound of the sum of worst-case regrets.

TA
Ri(r,e,) + Ra(me,) > — - <IP”€TH [Npja(1) < T/4] +P5 [Npjo(1) > T/4]>

TA
TA d

= e ET: a] KL (Dy, Dan) (2.11)
TA

=5 exp ( —4¢AET e NT/2 r(a )])
TA < 4TcA2>

=5 o

The result is completed by choosing A = /(K — 1)/4Tc < 1/2. The final steps are lower

bounding exp(—1) and using 2 max(a,b) > a + b.
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Remark 1. From theorem 2.2.4, we conclude that the lower bound for the minimaz regret
for the non-stationary environment £ s Q(\/T) In the above method, there is an extra
assumption(2.2.4) which does not feature in [15]’s proof. [25] (Bandit Algorithms) have

shown in section 15.83 that it is almost always the case, and is not an unreasonable assumption

to make.
2.3 Incentivized Exploration of Stochastic Bandits
Early work on incentivized exploration and learning includes [13, 23, 9] that introduced a
Bayesian Incentivized model with discounted regret and compensation, and [31] that considered
the non-discounted case and showed that their algorithm achieved O(v/T) regret. [11] analyzed

the non-Bayesian and non-discount reward case and showed O(logT) regret and compensation.
[29] considered the biased user feedback under the influence of incentives and showed that despite
the reward drift, the proposed algorithms achieve O(logT) regret and compensation.

Related work includes those on the robustness of MAB to adversarial attack, e.g., [30] that
proposed a multi-layer active arm elimination race algorithm for stochastic bandits with adversarial
corruptions, [12] that studied the strategic behaviour of rational arms and showed that UCB, e-
Greedy and Thompson Sampling achieve O(max(B,logT')) regret bound under any strategy of
the arms, with B being the total budget.

Related work also includes those on the Bayesian Incentive Compatible (BIC) bandit explo-
ration, see, e.g., [32, 31, 10, 37], where the principal wishes to persuade the agent to take some
action which benefits the principal, known as Bayesian Persuasion [21]. See also the text by [38]
that provides a review of the broad area of incentivized exploration from various aspects.

The setting which mostly inspires this work is from [29]. The authors present a scenario
(introduced in Chapter 1) where the decision-maker(principal) and the arm-puller(player) are dif-
ferent entities and the principal provides compensation to the player to encourage exploration.
The authors assumed a stationary bandit environment and showed that their framework achieves

sub-linear regret and compensation of O (logT"). This setting forms the basis of the framework we



use (Algorithm 10) for solving the piecewise-stationary environment (section 3.2).
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Chapter s

Problem Formulation

3.1 Basic Setting

Consider a variant of the multi-armed bandit problem where a principal has a set I of K
arms. The rewards {X;(i)}_, of each arm i € K is modelled as a sequence of independent random
variables with possibly different distributions that are unknown to the agents/principal and may
vary across time (Figure 1.3). Denote by (i) = E[X(7)] the mean reward of arm i € K at time
step t < T. At each time step ¢, a player pulls one arm [; € K and receives a reward r;, which is
then fed back to the principal and other players.

We consider a real-life scenario where the principal and the players may have different interests
(Figure 1.4). The principal would like the players to select the arms in such a way to adequately
explore different arms in order to maximize the accumulated rewards. However, a player may be
heavily influenced by the feedback of others and behaves myopically in face of uncertainty, i.e., pulls
the arm with the currently highest empirical rewards (exploitation only). Under such situations,
in order to incentivize the players to explore, the principal may provide some compensation x: to
the player such that she will pull the arm suggested by a certain bandit algorithm that achieves a
good exploration-exploitation tradeoff and maximizes the accumulated rewards. However, since the
player receives some compensation, her feedback from the pull can be biased and may include some
drift §; on top of the “true” reward X;(I;), captured by some unknown, non-decreasing function
0t = f(xt) of the compensation y;. Notice that the biased feedback X;(I;) + d; is collected, and

the principal and payers cannot distinguish either Xy(I;) or ¢; from it.
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Assumption 3.1.1. The “true” reward has a normalized support of [0,1], and we assume

that the drifted reward at any time will be projected onto [0, 1].

The two metrics used to judge the algorithms are regret and compensation. The former

is the accumulated reward difference between the best arm (in hindsight) and the arm played at
every time-step, and the latter is the accumulated difference between the rewards of the arm chosen
greedily by the player and the arm chosen by the principal using some bandit algorithm.

We aim to understand and characterize the efficacy of the proposed compensation scheme
in incentivizing exploration, in particular, if the algorithm is robust to the drifted reward so that
the decisions based on biased feedback achieve a sublinear regret and if the proposed incentive
mechanism is cost-efficient (i.e. sublinear compensation) to the principal. While existing work such
as [29] has studied this important question in the setting of a stationary bandit, in this thesis, we

investigate the more challenging setting of a non-stationary bandit as will be described next.

3.2 Piecewise-Stationary Environment

Algorithm 10: Incentivized MAB under Reward Drift

1 fort € [1,7] do
2 I; = PRINCIPALALG(required parameters)
3 Gy = arg max;eic fi;(t)
4 if Gt 75 It then
5 Principal gives compensation of x; = fiq, — [i1,
6 Reward received after playing I; is r, = X¢(I;) + 0; where reward drift §; = f(x¢)
7 else
8 ‘ Reward received is ry = X;(I;) with no compensation.
9 end
10 end

In the abruptly changing environment, the reward distributions change at unknown time
instants called breakpoints and remain fixed otherwise (hence piecewise-stationary environment)
(Figure 2.1). We denote by Br the total number of breakpoints that occur before time 7.

Algorithm 10, adopted from [29], describes a framework of incentivized exploration for the

piecewise-stationary environment. The principal chooses an arm I; according to a certain non-
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stationary bandit algorithm PRINCIPALALG (that will be discussed in Chapter 4), and the player
will choose the greedy arm G, if without any compensation. The principal then provides a com-
pensation y; that is the difference in the empirical average rewards of the arms to the player. The
bias J; of the player after receiving the compensation is added to the “true” reward X;(I;). The

function f is assumed to be Lipschitz continuous in accordance with Assumption 1 in [29].

3.3 Continuously-Changing Environment

Algorithm 11: Restarting technique with a Stochastic Bandit algorithm

1 Input Parameters: 7,/C,T
2 Initialize: j =1
3 while j < [T/7] do

4 | seta=(—1)r1

5 fort=1,.., min{T,a+ 7} do

6 I; = BANDITALG(?)

7 Gt = arg maxyex fit(k)

8 steps 4-9 from Algorithm 10

9 end
10 Increment 5 = 5 + 1, and return at step 3.
11 end

In this environment (Figure 2.2), the mean rewards of the arms can change an arbitrary
number of times but have a variation budget, which limits the total change throughout the horizon
[5]. Algorithm 11 describes a framework of incentivized exploration for the continuously-changing
environment. Here 7 is the batch size, j is the batch number, and lines 4-9 describe the sequence
of operations that are carried out on a single batch. Gy is the greedy arm chosen by the player if
without any compensation, and I; is the arm chosen by the principal according to certain stochastic
bandit algorithm such as UCBI, e-greedy or Thompson sampling as mentioned in Chapter 5.

We denote the best possible expected reward at any epoch ¢ by uf = max;ex pue(i). We
assume that the expected reward of each arm p;(7) may change at any (possibly every) decision
epoch. Let V; be a non-decreasing sequence Vt € [1,T] of positive real numbers such that V; = 0

and K'V; < t;Vt and for normalizing purposes set Vo = 2- K~'. We refer to V as the variation
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budget over the time horizon T'.
The temporal uncertainty set, is the set of reward vector sequences that are subject to the

variation budget Vr over the set of decision epochs {1,..,T}:

T
V= {u € [0, 11557 > " sup| e (i) — pregr (i) < VT} :

= iek

Almost all the stochastic bandit algorithms assume that the difference between any pair of
arms’ mean rewards is large (i.e., the arms’ mean rewards are well separated) in order to maintain
mathematical tractability (e.g., avoiding zero or near-zero value in the denominator). However,
in the continuously-changing environment, the nature of reward change might make this typical
assumption too strong. Therefore, we need to give the rewards more freedom to vary but impose

certain assumptions to make them mathematically tractable.

Definition 3.3.1. The minimum difference between the average mean rewards of the best

overall arm and any other arm i within a single batch A(i), is defined as:

AG) = min =3 (4 — ()

i€[l,m] T
JE[L,m] teT;

where m is the total number of batches and T; is the set of timestamps within the batch j.

Assumption 3.3.2. There exists a constant M € (0,1) such that A(i) > M for any i € K.

Definition 3.3.3. The event £ is defined as p(i) — ue(j) < e for given € € (0,1) and

i,jeKk.

Assumption 3.3.4. For any given time epoch «, there exists § € (0,1) such that

> ac,T] 2iek Ley < aP.




Chapter 4

Piecewise Stationary Environment

In this section, we investigate the piecewise-stationary environment, and employ the Discounted-

UCB algorithm (Algorithm 12), proposed in [22], and the Sliding-Window-UCB algorithm (Algo-

rithm 13), proposed in [15], for PRINCIPALALG in Algorithm 10.

Algorithm 12: Discounted-UCB (D-UCB)

1 Input Parameters: [,y
2 for t < K return I; =t
3 for t > K return I; = argmax;eic fir(7y,1) + ci(,17)

In D-UCB, 7 is the discounting factor. We denote fi;(7,) = (1/Ni(7,4)) 3oty YNy, = Xal(i)
is the estimated drifted discounted average of the expected rewards of the arm i, and /i (y,4) de-
note the pure discounted average. The weighted frequency of ¢ till time ¢ is denoted by N;(v,i) =

S Y11, =;, and the unweighted frequency by Ni(i) = Ni(1,7). The padding function is

ct(7,1) = 24/€logni(v)/Ni(7, i) For appropriate value of . We also denote the sum of the weighted

frequencies for all arms till time ¢ to be n; () = Zfil Ne(v,1).

Algorithm 13: Sliding-Window-UCB (SW-UCB)

1 Input Parameters: [, 7
2 for t < K return I; =t
3 for t > K return [, = argmax;cic fig(7,7) + (7, 1)

In SW-UCB, 7 is the size of the sliding window. We denote fi;(7,7) to be the estimated
drifted average of the expected rewards of the arm ¢ which is (1/Ny(7,1)) Zts:t_TH Lyr,—iy Xs(i),

and [i(7,7) denote the pure average. The weighted frequency of 7 till time ¢ is denoted by Ny(7,1) =
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Zts:t—T-i-l 17,—i}, and the unweighted frequency by N(7,i) = Ny(t,7). The padding function is

ct(7,i) = \/€log(min(t, 7)) /Ni(7, i) For appropriate value of &.
4.1 Theoretical Results

4.1.1 Regret

We look at the regret bounds for D-UCB and SW-UCB in this section. Let Br be the total
number of breakpoints before time T'. Since the rewards have normalized support of [0, 1], the regret
contribution for an arm i will be upper bounded by E[N7(3)], where N (i) is the total number of

times ¢ was played when it was not the best arm during the first 7" rounds, i.e.,

T
Nr(i) = Ugmiziny- (4.1)
t=1

4.1.1.1 Discounted UCB with Algorithm 10

Let fit(y,) denote the estimated drifted discounted average of the expected rewards of the
arm i, and [i;(y, ) the pure discounted average.
We denote by A, (i) the minimum of the difference of the expected reward p;(i*) of the best

arm and the expected reward p:(i) of the arm 7 over ¢ € [1,7] when 7 is not the optimal arm, i.e.,

Ay (1) = el lf}l]i;ni 7éi*{ut(i*) — pue (i)} (4.2)

Assumption 4.1.1. [Assumption 1 from [20]] The reward drift function fi(z) is non-
decreasing with f;(0) = 0, and is Lipschitz continuous, i.e., there exists a constant l; such
that |fi(x) — fi()|< le|lx — y| for any = and y. Moreover, without loss of generality, the

rewards X;(t) are assumed to be in [0,1] for alli € K and t € [1,T].
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denoted by ni(7y), is upper bounded by min(t,1/(1 —)).

Lemma 4.1.2. The sum of the weighted play frequencies of all the arms i € K till time t,

Proof. We have

Notice that n;(y) cannot be more than ¢, we get the final upper bound.

upper bounded by 21N (i)\/€log(ne(7))/(1 — 7), where | = max; ;.

Lemma 4.1.3. The total discounted reward drift of arm i till time t, denoted by Dy(vy,1), is

Proof. The principal has to provide compensation when both of the following inequalities hold:

fi (7, Gt) > e (v, Iy),

f (v, Ge) + ci(y, Ge) > (7, 1) + co(, L)

(4.4)

(4.5)

The above two inequalities imply i (v, G¢) — ft(7y, It) < ci(7, It) — (7, Gt). By Assumption

4.1.1,

7 <l (ce(, It) — ey, Ge))

[€log(nu(v))  [€log(ne(7))
=k (2 Ni(v, Iy) 2 Ni(v, Gy) >

§log(m:(v))

<2l
o ¢ Nt(yu It)

Thus, the total drift

(4.6)
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t
i) = Z L¢r,—i)0r

—Zl{l —z}2l §log( +(7))

Nr(v,1)
<2l\/WZ]l{IT Z}\/T (4.7)
N
= 20\/€(1 — ) log(ny (7 ;ﬁ
< 2N (i) ﬂolg("ty)).
O

The following theorem is for the regret when Discounted-UCB is used as the principal’s

algorithm within Algorithm 10.

Theorem 4.1.4. Let £ > 1/2, T > 1 and v € (0,1). For any arm i € K, we have
E [¥r)] < (BT - )+ C)12 ) 1og () (1.8
where
- 60— [ra-)] , 2|-lsl-esl VT
Flv)  TQA-7) —log(1 —7)(1 —y1/1=7)
and
F(y) =707 (A (/T 7 — 4ly/El08@ 7)) (4.10)
and
oSN

Proof. This proof has been adapted from [15]’s analysis of discounted-UCB and [29]’s analysis of

incentivized exploration with UCB-1.

We upper bound the number of times the suboptimal arm ¢ is played as follows.



28

T
Nr(i) =1+ Y Tgp—isiny (4.12)
t=K+1
which can be rewritten as
R T T
Nr@) =1+ . Limigipmea<am) + D HimitiNezAm) (4.13)
t=K+1 t=K+1
where
16(1 — v)&log(ng(y
(AW =5 — 41/(T — 7)Elog(n(y )))
The next few steps directly follow from [15])’s analysis for the same definitions of D(y) and

T (v). We can bound Np(i) by:

~

Nr()) <1+ [T(L=N]AWY Y 4+ BrD() + > Mpcizinvipzae)y-  (4.15)
teT (v)

Now, for t € T the event E : {I; = i # i}; N¢(v,4) > A(y)} will occur when the following

inequality holds

z: Mt(77 ) + Ct(’% ) > ﬂt(f}/?Z*) + Ct(f)/?i*)' (416)

Expanding the inequality using the definitions of fi;(~,7), fi(7y,?) and lemma 4.1.2, we get the

following;:

25 fulni) + E” ; (i) > el i) + m ey, i®). (4.17)

Therefore, the upper bound for the difference between the expected reward of the optimal

arm ¢* and the current arm ¢ is

) = 1:0) < G + )

, , ) (4.18)

&log(ne(7)) (\/1 — + VN (v,9)
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Now, we can decompose E as the following, as for Z to happen, at least one of the events E!

has to occur:

AL =i #i55Ni(y,0) > A(7)} € B} UE? U B}, (4.19)

where
Etl = {ﬂt(’y’ ) > :U’t(’yv )+Ct(’77 )}’ (420)
Et2 = {ﬂt(/yvi*) < :ut(r)/vi*) - Ct(%i*)}v (421)

3 — [l ) (6] TLt ! . .
Et—{ut(% ") = fu (v, 1) < 2v/&log( <\/1_ +\/Nt(%i)>} (4.22)

E} is when the algorithm overestimates the average reward of arm i, E? when the algorithm
underestimates the average reward of the best arm i*, and E} is when the expected rewards for
both the arms ¢ and ¢* are too close.

By union bound we have P[E] < 3", P[E}]. However, for the choice of A(7), E} never occurs,

as

~ . !
fe (7, 17) — fu(y,d <2m<\/1_ * \/Nt(%i)>

Elog(ni(v)) (\/11_ ~ * \/2(7)>

Apur (7)
2

Since the changing of expected reward values would make the estimates of them biased, we

can’t use the Hoeffding type bounds for E} and E?. Therefore, we can use the results from [15]’s
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analysis for £} and E?, by using their novel tool to handle the same.

We have P [E}] = 0 and from [15] we get

_ log(n:(7)) 2 (1-%
ris] = #ist] < [0, (%) (429

We finally have the bound, by taking & > 1/2 and n = 44/1 — (1/2£), so as to make 2£(1 =

n?/16) = 1:

where

_ 1 log <ﬁ> T(1—~)
i Log(l + 4\/%)} 1 — (/=) (4.24)

We obtain the statement of the theorem by substituting the values of A(~y), D(v) and n(7).

O]

Corollary 4.1.4.1 (Algorithm 10 + D-UCB Regret Bound). If the horizon T and the number
of breakpoints By are known in advance, the discount factor v can be approximately chosen
to minimize the RHS from Theorem 4.1.4. Taking v =1—mn-+/Br/T, for some n > 0 we

get the regret, some 11 > 0, as

E [NT(z')} < #j - /TBr log(T) (4.25)

4.1.1.2 Sliding-Window UCB with Algorithm 10

Let the total number of breakpoints before time 7" be Br and let NT(z) denote the number

of times arm ¢ was played when it was not the best arm during the first 7" rounds. Then,

T
Nr(i) = Z Ler—iztin} (4.26)
t=1
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Let fi;(7,t) denote the estimated drifted average of the expected rewards of the arm i, and
fi(7,t) denote the pure estimated average of the expected reward py(i) = E [X;(¢)]

We denote A,,,.() as the minimum of the difference between the expected reward of the best
arm (%) and the expected reward of the ith arm puy (i) for V¢ € [1,T] when i is not the optimal

arm.

Burli) = min {ueli") = (i)} (427)

Lemma 4.1.5. The total discounted reward drift of an arm i till time t, denoted by D;(T,t)

is upper bounded by Ni(i)l\/&log(min(t, 7)), where | = maxy l;.

Proof. The principal has to provide compensation when both of the mentioned inequalities hold:

G, (T:t) > fur, (7, t) (4.28)

:&’Gt (7-7 t) +c (T7 Gt) > /l[t (Ta t) +ct (7—7 It) (429)

The two inequalities imply fig, (7,t) — fir, (7, t) < ci(7, It) — (7, G¢). Using assumption 4.1.1,

we have the following result.

T <l (Ct(Ty It) - Ct(T7 Gt))

< {log(min(t,7))  [{log(min(t, 7))
=l N, 1) N7 Gr) (4.30)

¢log(min(t, 7))
S lt\/ Nt(T, It)

Now, using the value of 7, the total drift is found in the following way:



32

t
Di(r,t) =Y 1y7,—30s
s=1

t .
B ¢ log(min(t, 7))
- ;::1 ]l{ls:i}ls \/W

(4.31)
oS
< I/ log(min(t, 7)) —_—
& - Na(m 1)
< Ni(9)1y/€log(min(t, 7)) (Since Ny (7,4) > 1)
O

The following theorem is for the regret when Sliding-Window-UCB is used as the principal’s

algorithm within Algorithm 10.

Theorem 4.1.6. Let £ > 1/2. For any integer 7 > 0 and any arm i € K,

~ T1
E [Nr(i)] < C(r) B(") | 1By +log2(r)
where
Cory— WD [T/ | 2 log(r)
(B @) T/7 " loa(r) | log(1 + 41— 26))
Proof. This proof has been adapted from [15]’s analysis of sliding-window-UCB and [29]’s of incen-

tivized settings for UCB-1 respectively.

We upper bound the number of times the suboptimal arm ¢ is played as follows:

T
Nr(i) =1+ Y Tgrmiviy (4.32)
t=K+1
Which can be expanded to
R T
Nr(i) =1+ Z Lir,=itisNo(ri) < A(7)}
t=K+1 (4.33)

T
+ D L rmigiNu(ri) 2 A()
t=1
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where

/T +1)% Elog(r
Ay = BT (Zui(j)zg( ) (4.30)

The next few steps directly follow from [15]’s analysis, for the same definitions of 7(7), and

we can bound Ny (i) by:

Nr(i) < 1+ [T/T)A(T) + 7Br + Z Lig, =itz No(ri) > A7)} (4.35)
teT (1)

Now, for t € T (1) the event E : {I; = i # i}; Ny(7,i) > A(7)} will occur when the following

inequality holds,

Z (T, t) + ee(T,4) > fig= (1,t) + (T, 77) (4.36)

Expanding the inequality using the definitions of ji;(7,%), fi(7,7) and lemma 4.1.5 we get the

following;:

Dj(1,t)
Ni(7, 1)

D« (, "
+ (T, 1) > i (1,t) + J\/t(f_i—;; + ci(1,3") (4.37)

Z:ﬂi(’i',t)—f—

Therefore, the upper bound for the difference between the expected reward of the optimal

arm ¢* and the current arm 7 is

. . Dj(r,t) )
g (7-? t) — M (7_7 t) < 'th(,]_’ Z) +c (7—7 Z)

= l\/&log(min(t, 7)) + \/W

- (/AT + 1)y 8Lt

< v [

(4.38)
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Now, we can decompose E as the following, for Z to happen, at least one of the events E!

has to occur.

AL =i #i5 Ny(r,i) > A(T)} C E} UE? U E} (4.39)

Where
By = {fie(r,i) > pa(7,7) + c4(7,7)} (4.40)
B} = {fu(r, i) < pu(7, i) — eu(7,%)} (4.41)

B {M (0) = fulr.t) < (W7 + 1) \/ W} (1.42)

E} is when the algorithm is overestimating the average reward of arm 4, E? when the
algorithm is underestimating the average reward of the best arm i*, and the E} is when the
expected rewards for both the arms ¢ and ¢* are too close.

By union bound we have P[E] < 3. P[E}]. However, for the choice of A(T), E} never occurs

as
§log(min(t, 7)) §log(7)) _ Aur(i)
l Ny ——=<( 1 = 4.4
(/7 + )\/ R AC L AR v 5 (4.43)
For t € T(7), the bias will vanish because the rewards won’t change. We have P [E;?] =0
and from [15]

- log(min(t, 7)) | . = —2(1-%
P[E}] =P[Ef] < {bg(lmw min(t, ) ( ) (4.44)

We finally have the bound, by taking & > 1/2 and n = 44/1 — (1/2£), so as to make 2£(1 =

n?/16) = 1:
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log(min(¢,7
i ) |
)| <
E [Nr(i)] <1+ [T/71A() + TBT+2; —C (4.45)
M — Ve

Substituting A(7) in M and expanding N we upper bound E {NT(z)] by

(/T +1)°€log(r) | 2T | log(7) :
14+ [T/ + — | ——"—| + 7B+ log*(7) 4.46
] (Bur)? 7 | log(1 +n) ( (440
O

Corollary 4.1.6.1 (Algorithm 10 + SW-UCB Regret Bound). If the horizon time T is
known in advance, the window size T can be chosen to minimize the RHS in the equation

from Theorem 4.1.6. Taking T =n-+/T log(T)/Br, we get the regret, for some 7 >0, as

E [ZVT(z’)} < ij- 12\/BrT log(T) (4.47)

Remark 2. The lower bound of the regret for any algorithm scheme for the piecewise sta-
tionary environment is Q(v/'T) as shown by [15]. There is an alternate proof presented in
the section 2.2.4. Therefore, our algorithm scheme (Algorithm 10) with both D-UCB and

SW-UCB is optimal up to some powers of logT.

Remark 3. For Algorithm 10 with D-UCB, the regret is proportional to O(1/(k —1)?) for

some k > 0, whereas, SW-UCB is proportional to O(1?).

4.1.2 Compensation

4.1.2.1 Discounted UCB with Algorithm 10

For finding the compensation, we can add up the compensation of all the arms over the entire

horizon. We have to consider the conditions for providing compensation and the amount provided.
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Theorem 4.1.7. Let £ > 1/2. For any v € (0,1] and for arm i € KC, The overall compen-

sation over the horizon time T 1is

E[Cr()] < (Br +1) VElog(1/1 = VB [N1()]

Proof. Compensation has to be given when,

fi (7, 8) > fie(7,17) (4.48)
and
. flog(n:(v)) _ - §log(n:(7))
Mt(’y, l) + W < Mt(’}/, 7 ) + W (449)

Therefore, the compensation is given to the agent even when the agent pulls the optimal arm
and N¢(y,7*) < N(v,4). Which means that the average number of times a player is compensated
for pulling the best arm is upper bounded by M = max;;~ E[NT(z)]

Now, since the rewards can change with a breakpoint, so can the best arm. We need to
consider each interval between breakpoints and find the maximum equivalent of M.

Let t, be the timestamp at which the bth breakpoint occurs, Vb € [1, By]. Let V and S (see
Figure 4.1) be the set of intervals between breakpoints and the sizes of each intervals respectively.

For convenience, consider g = 0

V = {(t_1,t) : Vb€ [l,Br]} (4.50)

S = {SU DSy = ’tb,1 — tb| YveV,; Vbe [1,BT]} (4.51)

Let v* € V be the interval in which the principal pays the compensation maximum number
of times My, when the player plays the interval’s best arm ¢;. With a slight abuse of notation, let

N, s, (1) be the number of times the suboptimal arm ¢ was played in the interval v. Therefore,
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vV = v =2 v =3 v=4
t) t t5
< S9 >

Figure 4.1: Time intervals representing sets V' and S for compensation analysis.

= E [N, ()] 4.52
ot —aremgs | g, B (9.0 (452

Taking 7, to be the best arm in the interval v*, We get,

My < BrmaxE [N (Zﬂ

1

(4.53)
< Br rlggicE [NT(l)}
We get the total expected compensation as
K E[],\}T(z]
€log(ne(7v))
E|Cr] <
M K— ]E[]/\7 ('L]
SN5[Eosu() [ NN~ [Eos()
N j=1 N](’Yaz)) =1 j—=1 Nj(’%Z))
Br max; 4+ B[Ny (i) K1 E[Nr(i)]
< V/€log(ny(v)) 1+ 1
7j=1 i=1 7j=1
R R (4.54)
K BrE[Nr(i)] K—1E[Nr(0)]
< V&log(m(7) | Y 1+ 1
=1 7=1 i=1 7j=1
K (Br+1)E[Nr(i)]
< Velog(m(7)) | Y 1
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Corollary 4.1.7.1 (Algorithm 10 + D-UCB Compensation Bound). For the same values of
& and vy from Theorem 4.1.7, we get the compensation contribution of arm i, for some n > 0,

upper bounded by

E [Cr(i)] < - By VT (log(T))*/? (4.55)

4.1.2.2 Sliding-Window with Algorithm 10

For SW-UCB, a compensation is given when fi;(7,t) > fi;=(7,t) and f;(7,t) + c(7,1) <
fi (T, t) + ¢¢(7,1*), which means that the compensation is given to the agent even when the agent
pulls the optimal arm and Ny(7,7*) < N¢(7,7). Which means that the average number of times a

player is compensated for pulling the best arm is upper bounded by max;_z;- IE)[]/\\TT(z)]

Theorem 4.1.8. Let £ > 1/2. For any integer 7 and for arm i € KC, The overall compensa-

tion over the horizon time T 1is

E [Or(i)] < v/&rlog(r) + ,/5105(7) (Br+ 1) E |Nr(i)]

Proof. Compensation has to be given when,

i (T’ t) > [ (7_7 t) (456)

and

<>JW<>¢W (457

Therefore, the compensation is given to the agent even when the agent pulls the optimal arm
and N¢(7,7*) < N¢(7,7). Which means that the average number of times a player is compensated

for pulling the best arm is upper bounded by M = max;;~ E[NT(z)]
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Now, since the rewards can change with a breakpoint, so can the best arm. We need to
consider each interval between breakpoints and find the maximum equivalent of M.
Let t, be the timestamp at which the bth breakpoint occurs, Vb € [1, Bp|. Let V and S be

the set of intervals between breakpoints and the sizes of each interval respectively.

V= {(ty_1,t) : Vbe[l,Br]} (4.58)

S={sy 1 sp=|th—1 —ts| Yo € V; Vbe [1,Br]} (4.59)

Let v* € V be the interval in which the principal pays the compensation maximum number

of times My , when the player plays the interval’s best arm ). Therefore,

 _ ]E[NS } 4.60
ot —aremgs | g, B [0 (460

Taking i, to be the best arm in the interval v*, We get,

My < Brmpx B [N, ()] (4.61)
< BrmaxE [ﬁT(i)]

1

Now, noting that > ; 1/y/min(7,7) < (v/7 + (n/+/7)), we get the total expected compen-

sation as



X Y

[« BrevsEne]

< 1

¢log(7) ; 2 -

[ & (Br+1)E |Nr(i)

< /Elog(T) Z<ﬁ+ N }>]
i=1

K
< ¢tlog(T) + §log(7) (Br+1)E []Vﬂz)})
=1
Where X expands as the following
B maxj;, E[NT(l)] 1
X< 1 - -
< V/Elog(T) ; (. 7) e

K BrE[Nr() 1 .

< 1 - -

< Ve og(T); ; )

and Y as
K—1E[Nr(i)] .
Y < \/&log(T) —_— (4.64)

= = min(7, j)

Corollary 4.1.8.1 (Algorithm 10 + SW-UCB Compensation Bound). For the same values

of & and T from theorem 4.1.8, we get the compensation contribution of arm i, for some
n > 0, upper bounded by

E [Cr(i)] < n-P(Br)*T"*(log(T))** (4.65)

(4.62)
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Reward Setting for 5 breakpoint(s)
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Figure 4.2: Mean rewards for piecewise-stationary setting with By = 5 and 2 arms.

4.2 Simulation Results

For this environment, we have two arms I = {1,2}. The initial rewards are p; = 0.99 and
w2 = 0.01, which just flips(i.e swaps values) at every breakpoint. The breakpoints are the points
kT /p; Yk € [1,p — 1] which divide the entire horizon into p equal parts, for some p > 0. So, if we
want to divide the horizon T into 3 equal parts, we have the breakpoints at |7/3] and [27'/3].
Check figure 4.2 for By = 5 with six equal (almost) parts of the horizon of 7" = 5000.

For experimenting with D-UCB, we have used vy =1 — (1/70)\/ZT/T, where we tune ¢ to
minimize the regret. For SW-UCB, we have used 7 = | 7¢+/T log(T)/Br| and tuned 7¢ for regret
minimization. At each time step, the received reward is compared to the reward for the best arm
at that time step and accumulated till the end. We average out the regret and compensation values
at each step by running multiple repetitions. In this case, we have 100 repetitions.

Figures 4.3 and 4.4 has the performance of the algorithms discounted UCB and the sliding
window UCB with Algorithm 1 with 7" = 5000. Both the algorithms clearly outperform the vanilla
UCB1 with Algorithm 1 for the same horizon. The frequent changes force the UCB1 to make
mistakes at the start of each breakpoint, as it considers the entire history, but D-UCB considers
the decaying history and SW-UCB considers just a window adjusts quickly to change in the reward

distribution of the arms, and causes lower regret.
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Figure 4.3:  (Upper) Regret and Compensation performance of D-UCB with Algorithm 1 with
7o = 10 (Below) Regret and Compensation performance of SW-UCB with Algorithm 1 with

7o = 0.9, both with T = 5000 and By = 1
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Figure 4.4: (Upper) Regret and Compensation performance of D-UCB with Algorithm 1 with
vo = 40 (Below) Regret and Compensation performance of SW-UCB with Algorithm 1 with 7o = 1,
both with T"= 5000 and By =1
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|Brlye| me | Ru | Bs | Rp [Cu | Cs | Cp |
15| 1 |275.21135.1|142.742.1| 53.2 | 64.2
10| 1 1364.2]203.5|205.7|42.5| 70.7 | 92.3
15| 1 |430.4]239.5|247.1141.6| 81.2 | 82.8
1510.95/394.81264.1{259.7|41.4| 95.1 | 89.2
10| 1 1423.7288.9|302.4|39.8|100.8|112.3
25| 1 |481.8/330.1|279.1|38.5|107.9| 67.6
3010.95|484.21339.0/299.7|38.6117.1| 59.2

N O Tk W N

Table 4.1: This is the data of the performance of SW-UCB + Algorithm 1 with varying number
of breakpoints Br and [ = 0.05. The subscripts U, D, S stands for UCB1, D-UCB and SW-UCB

respectively with R as the regret and C' as the compensation values.

Table 4.1 shows the performance of SW-UCB and D-UCB with Algorithm 1 respectively with
a varying number of breakpoints. The corresponding parameters 7c and ~¢ are also presented,
which minimized the regrets. All the regret and compensation values are within the theoretical
bounds. Besides, the regret is consistently lower than the UCB1 counterpart for both D-UCB and
SW-UCB, as all the parameters v, y¢, 7, 7c are tuned to minimize regret. The values considered
are 7o = [10, 20, 30, 40] and v = [0.9,0.95, 1, 2] through experimentation.

One can notice that in both cases the regret is growing in the order of O(y/Br) with a varying
number of breakpoints, as the theoretical analysis suggests. For compensation, we can notice that
SW-UCB increases more rapidly than D-UCB, which explains the higher sensitivity of SW-UCB

for the number of breakpoints which is in the order O(B;/ 4) compared to O(B;/ 2).
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Continuously-Changing Environment

We apply the restarting mechanism introduced in [5] in this section, to the continuously-
changing environment. Since this is a passive approach to non-stationarity, the mechanism won’t
look for the changing points but will restart the bandit algorithm (which is used as a submodule
BANDITALG) every 7 € [1,7T] time epochs (or timesteps). We select the 7 to minimize the upper
bound on overall regret. The process is described in Algorithm 11 in Section 3.3

We will use the UCBI, e-greedy and Thompson sampling for BANDITALG algorithm under
reward drift.

For this environmental model, the regret upper bound for all the policies with Algorithm
11 and the compensation for UCB1, under drifted reward achieve O(T%/3). The compensation for

e-Greedy and Thompson Sampling are O(T/3).
5.1 Theoretical Results

In this section, we show the regrets and compensations for Algorithm 11 with UCBI1, e-greedy

and Thompson sampling as the bandit algorithms under reward drift.

5.1.1 Regret

We define the regret R™(V,T) for any policy m € P, where P is the policy class in accordance
with [5] Section 2, compared to a dynamic oracle as the worst case difference between the expected

performance of pulling the best arm at each time epoch t and expected performance under the
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policy .

T
R™(V,T) = sup uy —E™
HEY =1

ZT:M?] } (5.1)

t=1

where the expectation E™[.] is taken with respect to the noisy rewards, as well as to the policy’s

actions.

Theorem 5.1.1. Let w be any BANDITALG policy under reward drift with regret of
M/TK log(T) for some constant X > 0, and the batch size T = (AT/VT)2/3 (K log(T))'/3,

for Algorithm 2. Then, for T > 2,K > 2 and Vr € [1/K,T/K], the total regret is

R™(V,T) < 2213 Vi3 (K log(T))Y/? T/

Proof. We follow the proof structure from [5] First, we break the horizon into sequences of batches
of size 7 each and then analyse the performance gap between the single best action and the dynamic
oracle in each batch. Then, we plug in the known performance of BANDITALG relative to the single
best action, under reward drift. We sum them over the batches to establish the regret bound for
Algorithm 11.

Let us fix T'> 1,K > 2 and Vp € [1/K,T/K]. Let m be BANDITALG policy under reward
drift. Let 7 € {1,...,T} be the batch size, which we will choose later. We break the horizon into
sequence of batches 7;;Vj € [1,m], where m = [T'/7], of size T, except possibly the last one. We

decompose the regret in the batch j, with vy = [maxke;g {Ztefrj Xt(k)H as:

E > (i —u)| =d m—v+7—E|> uf (5.2)

teT; teT; teT;

J1 J2

The first component J; is the expected loss associated with using a single action over batch
7. The second component Jy is the expected regret relative to the best static action in batch j.
From (6) in [5], we know that J; < 2Vj7.

Considering Jo being after all the regret of a policy with respect to the single best action,
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within a batch, we can plug in the performance of BANDITALG under reward drift.

Jo = - 1< .

> =E |max S Xu(k) p —E | pf| | < M/TKlog(r) (5.3)
teT; teT;

The next step is to sum them over the entire horizon. There are m = [T/7] batches.

Therefore, the overall regret is:

t=1

ney
<Y (WK Tog(n) +2Vy7)

J=1 (54)

2T
<> M/ 7K log(7) + 2Vt (since m > 1)

=)

Klog(T)
T

— 2T\ +2Vipr
Selecting 7 = ()\T/VT)Q/3 (K log(T))'/3, we get
RV, T) < 213 V23 (K 1og(T)) /2 T2/3 (5.5)

This concludes the proof. O

Corollary 5.1.1.1. If UCBI1, e-Greedy or Thompson Sampling is used as the BANDITALG
policy under reward drift for Algorithm 11, then, from theorem 5.1.1 there exist some constant

5\, such that

RUCBLY T) < X- (1 + 1)Y2 VM (K log(T)) /3 T%/3 (5.6)

REW,T) < X- 1S3V (K log(T)) /3 T%/3 (5.7)

RISV, T) < X-1MVOA~3VE (K log(T)) Y3 T/3 (5.8)
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Proof. The regret for UCB1 under reward drift, for a batch j, for some constant C', is

UCB1 c(+1y |
R < Z A og(T) (5.9)
1€K;A;(1)>0
courtesy of [29]. A more general regret bound can be derived which is independent of the Aj(i); Vi.
Adapting this from [35], we can fix some € € (0, 1).

2
e The regret contributed by all the arms with A;(i) > ¢ is at most w.

e The regret contributed by all the arms with A;(i) < ¢ is at most ¢ - .

Therefore, the total regret for this batch j is at most:

K(1+1)%1

For ¢ = w and B = 1, we have RVCBL < \/C (14 1) /7K log(t). This result is

almost optimal as it almost matches the minimax lower bound of any stochastic bandit algorithm:

O(+/7). Using Theorem 5.1, and substituting A = v/C (I + 1), we get the value of required RYV¢B!,

The regret for e-Greedy under reward drift, for a batch j, for some constant C, is

l-C log(7)
RE<— Y =4 (5.11)
— 2 \\2
M i€k (1) >0 (A;(2))

courtesy of [29]. A more general regret bound can be derived which is independent of the

A;(i);Vi. Adapting this from [35], we can fix some ¢ € (0, 1).

KIC'log(7)

e The regret contributed by all the arms with A;(i) > € is at most =

e The regret contributed by all the arms with A;(i) < ¢ is at most € - 7°.

Therefore, the total regret for this batch j is at most:

KIiC'log(T)

G B
REY <e-7P 4 e

(5.12)
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1/3
For e = (%SE(T)) and § = 3/4, we have

1/3

REG < (C1/ M) (K log(r) '/ /7 < (Cl/M2) P /37K Tog(7)

for 7 > 1. This result is almost optimal as it almost matches the minimax lower bound of any
stochastic bandit algorithm: O(4/7). Using theorem 5.1.1, and substituting A = /3 (Cl/M2)1/3,

we get the value of required ReC.

The analysis is the same as above for Thompson Sampling, by replacing M with A (See

Definition 2 in [29]), we conclude the proof.

Remark 4. Theorem 5.1.1 is a general result, which considers all the Stochastic bandit
policies which achieve O(logT) regret. As mentioned in section 3.3, the assumptions behind
the above result are based on the separation of the mean rewards of the arms. The regret of
O(M/TKlogT) for UCB1 is found by relazing the above assumption, by considering that the
arms’ mean rewards can be arbitrarily close. For e-Greedy and Thompson Sampling achieves

the same regret form with some additional assumptions mentioned in section 3.35.

Remark 5. The constant M in Corollary 5.1.1 is from Assumption 3.3.2, and A is from

[29] Definition 2.

5.1.2 Compensation

We use the results of the compensation for each bandit algorithm under reward drift from

[29] for each batch, and then multiply it by the number of batches.
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Corollary 5.1.1.2. If UCBI1, e-Greedy or Thompson Sampling is used as the BANDITALG
policy under reward drift for Algorithm 11, then there exist some constant X, such that, the

total average compensation is

CUSBIY Ty < X+ (1+ 1) VB V3 (K log(T)) /3 T%/3 (5.13)
W, T) < X-1"PM~%/° (KVplog(T))¥3 T/3 (5.14)
cT5(V,T) < X- A9 . 15/9 (K Vi log(T))*3 /3 (5.15)
Proof. From Theorem 2 in [29], we know that expected compensation for a batch j, would be

E {C;G} < CKllog(r)/M for some C > 0. Summing the result over the whole horizon:

v < [ﬂ[@ [c59]

T

_2r CKllog(T)

< - 7 (since 7 > 1)

Substituting the value of 7 from corollary 5.1.1, we get the result.

From Theorem 3 [29], we know that the expected compensation for a batch j, would be
E [CJTS} < C-2K(l 4 1)log(r)/A? for some C > 0. The analysis is the same beyond this point as
shown above with appropriate values.

From Theorem 1 [29], we know that the expected compensation for a batch j, would be
E [CJUCE”} <C(+1)- > iz 108(7)/A; (i) for some C > 0.

From [358] method, used above that can be generalized to C - \/Wg(T) for some constant

C > 0. Summing the result over the entire horizon we get:

T

CUCBI < |7T—‘E [CjUCBl]

< C’-E -/ K7log(T)
T

Substituting 7 and A subsequently, we get the desired expression. O
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5.2 Simulation Results

For the numerical results, we consider instances where two arms are available: K = {1,2}.
The reward associated with arm 7 at time ¢ is X4(7), and has a bernoulli distribution with a changing
expectation i (i):

1 with prob. ()
Xi(i) =

0 with prob. 1 — p(4)
Vt € [1,T] and for any pulled arm i € . We have two evolution patterns for u:(i). Both follow

the sinusoidal definitions from [5], check figure 5.1. The first setting has the following functions for

it ().

1 1 Vot 1 1 Vrrt
Mt(l) = 5—1—55111 (?), Mt(2) = 5"‘58111 (7;[-‘1‘71')

Vt € [1,T]. The second setting has the following functions:

%+%sin(@+w) ift<%
pe(1) =

0 otherwise

Ldsin (82 —r)  ift<?
pe(2) =

1 otherwise

\

Both the settings are sinusoidal and have a variation budget Vr = 3. They describe different
changing environments under the same variation budget. While in the first instance the variation
budget is spent throughout the whole horizon, in the second one the same variation budget is spent
only over the first third of the whole horizon.

At each epoch ¢t € [1,T] the policy selects an arm i € K. Then the binary rewards are
generated, and X;(7) is observed. The pointwise regret at time t is X;(k*) — Xy(k) where k is
the arm played by the policy and k* = arg maxgei pt(k). We run the experiment with multiple
repetitions and averaging out the regret and compensation at each epoch.

Figure 5.3 shows the performance of Algorithm 11 with UCBI1, e-Greedy and Thompson

Sampling, and figure 5.2 shows the reward performance of the same, with brief explanations. Table
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(Upper) Mean rewards for setting 1. (Below) Mean rewards for setting 2.
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| Ve | 3 ] 6 | 9 | 12| 15 | 18 | 24 |
RU 1156.1]175.9]185.7]191.4]198.3[207.5]210.3
CcY | 88.9 |107.4/119.8/127.2|135.0|145.6|149.8
RG 1143.1]164.1]180.2]192.0]202.3]215.0]229.0
CG | 373|524 | 64.1 | 73.6 | 80.7 | 88.7 | 99.5
RTS1125.1|147.2]163.8]177.8/185.9]197.8[211.6
CTS | 48.4 | 69.0 | 84.9 | 97.5 |107.5|118.1|132.2

Table 5.1:  This is the data of the performance of Algorithm 11 with all the policies: UCBI,
e-Greedy and Thompson Sampling for varying number of variation budget Vp. The superscripts
U,eG, TS stands for UCB1, e-Greedy and Thompson Sampling respectively with R as the regret
and C as the compensation values.

5.1 shows the performance of the same with varying degree of variation budget V. The regret
values for all the policies increase by a maximum of V%/ % as suggested by the theory. For com-
pensation, we can see that the values increase a little more quickly for e-Greedy and Thompson
Sampling compared to UCB1, as UCBI1 is less sensitive to Vp comparatively. However, e-Greedy
does not drastically change its compensation values in comparison to Thompson Sampling, which

might suggest that the upper bound can be tightened.
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ReMech Performance T= 5000, Repetition = 2000
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Figure 5.2: Algorithm 11 (written as ReMech in the diagram) performance with 7" = 100 with
2000 repetitions. The blue line is the average performance of Algorithm 11 at various epochs with
UCBI, e-Greedy and Thompson Sampling as the BANDITALG policy. The dotted yellow is the
mean reward for arm 1 and the green is for arm 2. The lines beyond the green or yellow lines are
due to the added drift in rewards. The lines which touch the bottom (only applicable to Algorithm
11 + UCBI1 are due to the exploration phase of the UCB1 algorithm. The first column is the
performance of all the policies for setting 1 and the second column is for setting 2.
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Figure 5.3: Algorithm 11 performance for a large horizon with T' = 5000 with 2000 repetitions.
This is the performance of all 3 policies for setting 1.
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Conclusion and Future Work

We studied the incentivized exploration problem under reward drift in a multi-armed bandit
setting where the reward distributions of the arms may change over time, where the agent provides
biased feedback under the influence of an incentive. We considered two different environments
which capture the non-stationarity of rewards: piecewise-constant and continuously-changing. For
a piecewise-constant environment, we propose a scheme with Algorithm 10 [29] with discounted
UCB (algorithm 8) [22] and sliding window UCB(algorithm 9) [15] as it’s subroutine. We achieve
(O(VT),0(V/T)) for D-UCB and (O(v/T),O(T"*)) for SW-UCB with Algorithm 10 as the upper
bounds for (regret, compensation) pair. Next we considered the continuously-changing environment
as the model of non-stationarity, where we considered the restarting mechanism (algorithm 11) [5]
to counter the changing rewards and the three algorithms of MAB literature: UCBI1, e-Greedy and
Thompson Sampling along with it. We showed that the regret for all three algorithms and the
compensation for UCB1, under drifted reward achieve O(T?/3). The compensation for e-Greedy
and Thompson Sampling are O(T 1 3). Since all the schemes we propose are sub-linear in the size
of horizon, we conclude that they are effective in incentivized exploration under reward drift with
non-stationary rewards.

For future directions, one way is to look at the trust factor between the agent and the
principal. Currently, we assume that the agent always listens to the principal and chooses the arm
recommended to them, however, we can relax this assumption and see what effect it has on the

regret and compensation of the overall model.
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We can check the extent of information shared with the agents. In this work, the entire
history was indirectly available to every agent in the form of the empirical average of the rewards.
But in this case, there might be a temptation of using their own algorithms or heuristic policies to
select arms at any instant. It is our assumption of trust which keeps things tractable. We can look
at the effect of relaxing this assumption to the regret and the compensation.

For the related problem, but with a bayesian approach, introduced by [24] was discussed in
[38]. The author showed that simply sending the recommendation to the agent should suffice.

The area of non-stationarity can also be explored to solve the incentivized exploration problem
for the ’active’ approach (section 2.2.2) to non-stationarity, or general non-stationary environments,
which still provides sub-linear regret and compensation. Along with that, we can incorporate more
information or context (usage of linear or contextual bandits) about the agents while providing

recommendations.
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